We study several properties of some new charges of asymptotically flat spacetimes. These dual supertranslation charges are akin to the magnetic large U (1) charges in QED. In this paper we find the symmetries associated with these charges and show that the global dual supertranslation charge is topological because it is invariant under globally defined, smooth variations of the asymptotic metric. We also exhibit spacetimes where the charge does not vanish and we find dynamical processes that interpolate between regions with different values of these charges.
Introduction
New dual gravitational charges of asymptotically flat spacetimes were introduced in [1, 2] . They are akin to the magnetic dual of the large U (1) gauge charges [3, 4, 5, 6 ] so we shall call them "dual supertranslation charges" henceforth. The symmetries they generate are not explicit in the derivation of [1, 2] so we shall begin our paper by reporting on an independent line of research that we have been pursuing recently and that arrives at them in a different manner, which makes their action on the phase space of the theory more manifest. Another important question about these charges concerns the extent to which one can draw the parallel with large magnetic U (1) transformations. The global magnetic charge is topological in nature since it does not change under small, globally-defined deformations of the gauge potential, it is quantized in units set by the electric charge and it partitions the space of gauge field configurations on the celestial sphere into discrete, topologically distinct sectors. In this paper we will provide evidence that the global dual supertranslation charge is also topological.
Let us begin with some standard definitions, the first of which is the expansion of an asymptotically flat metrics around future null infinity I + : where u is the retarded time, γ zz = 2 (1 + zz) 2 ( 1.2) is the round metric on the unit S 2 ,
and the dots indicate subleading terms in the expansion around r = ∞. The symbol m B denotes the Bondi mass aspect and N z the angular momentum aspect. The Bondi news, given by
characterizes gravitational radiation.
In [7, 8] it was argued that in order to achieve the correct Dirac bracket on the radiative modes at future null infinity I
where T (f ) is the generator of BMS + supertranslations, the following boundary conditions have to be imposed The condition (1.6) fixes the coefficient of the D 2 z f term in equation (1.5) to be (−2). Without it, this coefficient would be −1 instead of −2. The reason for this discrepancy lies in the way we count zero-momentum modes. For non-zero momentum the graviton has two degrees of freedom corresponding to the two polarization modes with respect to its momentum. However, at zero momentum the two polarization modes cannot be distinguished so that in fact only one degree of freedom survives. The constraint (1.6) relates the two polarization modes of the zero-momentum graviton and therefore reduces the number of degrees of freedom from two to one, as required. The numerical factor in front of the D 2 z f term in (1.5) precisely accounts for this effect.
In this paper we show that there is a more general class of boundary conditions that is consistent with the correct Dirac brackets, to wit: iα D Here α and β are real but otherwise unconstrained coefficients. The solution to (1.8) is given by 10) where C(z,z) is a complex function, the boundary graviton. To see this we plug (1.10) into (1.8) to get the following constraint − α Im C + β Re C = 0, (1.11) which relates the real and imaginary parts of the boundary graviton. For generic values of α and β both parts are different than zero. By setting β to zero we recover the standard boundary condition (1.6) which implies that C is a real function. In the same way we can isolate the imaginary part of C by setting its real part to zero using the alternative boundary condition Under the antipodal map the two components transform as
Re C → +Re C,
(1.14)
Using these parity properties we can now draw an analogy between the boundary graviton C and the scalar potential φ in electrodynamics, whose real and imaginary components define the electric and magnetic fields, respectively, and transform in a similar way (see table 1 and references [9, 10, 11] for related works on the parity odd component of the metric). The standard electric boundary condition (1.6) therefore sets to zero the magnetic component of the metric while the alternative magnetic boundary condition (1.12) sets to zero its electric component.
More generally, we can impose the dyonic boundary condition (1.8) which implies that both the real and imaginary modes of C are turned on. Our main goal in this paper is to explore the physics of the imaginary part of C.
In electrodynamics, each one of the field components (electric and magnetic) define a conserved charge. Similarly in gravity, the real and imaginary parts of the boundary graviton are associated with two different conservation laws. The conserved charges are defined in terms of the complex Weyl scalar Ψ 2 , whose leading component in the asymptotic expansion is given by
(1.15)
The real part of Ψ 0 2 defines the BMS supertranslation charge
(1.16) Table 1 : The analogy between gravity and electrodynamics. Here φ is the scalar potential in electrodynamics, F
ru and F
zz are the leading terms in the asymptotic expansions of the electric and magnetic fields and we have used the gauge condition A (0) u = 0 (see [5, 6] for more details). The real and imaginary parts of the boundary graviton describe the parity even and parity odd components of the metric, respectively, in analogy with the electric and magnetic fields. Correspondingly, the analogy extends to the charges that are associated with each field component.
In section 2 we review BMS supertranslations and show how they are related to the standard electric boundary condition. The imaginary part of Ψ 0 2 defines an independent charge
(1.17)
In the literature M(f ) is sometimes referred to as the gravitational magnetic aspect or gravitomagnetic monopole. We will refer to M(f ) as the dual supertranslation charge, in reference to the electric-magnetic duality (see table 1 ). Clearly, the dual supertranslation charge vanishes when the standard electric boundary condition (1.6) is imposed, but will acquire a non-zero value for the magnetic or dyonic boundary conditions. As we will see soon, the dual supertranslation charge is conserved identically and therefore it is completely fixed by the boundary conditions.
The expansion of the metric around past null infinity I − takes the form 18) with v the advanced time, .19) and
Following the previous discussion at I + , the new dyonic boundary conditions on the radiative modes at I − will take the form
21) 22) which are solved by 23) where D(z,z) is a complex function. Similarly, the supertranslation and dual supertranslation charges can be defined at
(1.24)
Note that the dual supertranslation charge, as well as the parity odd part of (1.21), contain a relative minus sign with respect to their I + counterparts. The reason is that the sphere's coordinates on I − are antipodally mapped to the ones on I + . The antipodal map reverse the orientation of the sphere and therefore flips the sign of parity odd fields.
The scattering problem in general relativity is solved by a map of the Cauchy data on I − to that on I + . Generally speaking, this map is obtained by evolving the Cauchy data using the Einstein equations. However, the equations of motion should be supplemented with boundary conditions to make the scattering problem well defined. In [7] , the following matching conditions between the boundary data for the parity even components of the metric on I − + and I + − were proposed
(1.25) 26) In the same spirit, here we propose the following matching condition for the parity odd metric component Im C(z,z) I
These matching conditions, together with the boundary conditions (1.8) and (1.21) , are all invariant under Lorentz and CPT transformations.
We would like to emphasize a key difference between the matching conditions of the boundary graviton (1.26)-(1.27) and the one of the Bondi mass (1.25). Matching of the boundary graviton follows from Lorentz invariance [7] , but it is not enough to ensure stress-energy conservation, which we need to impose explicitly by the matching condition on the Bondi mass.
We refer to the former as the trivial matching conditions, while the latter is imposed explicitly.
To emphasize the importance of this difference, let us resort again to the analogy with electrodynamics, where the matching condition of the scalar potential follows from Lorentz invariance [3] . In electrodynamics this is enough to ensure magnetic charge conservation (in the absence of magnetic sources), but electric charge conservation has to be imposed explicitly. In other words, magnetic charge is conserved identically and follows from continuity of the potential, while electric charge conservation is imposed explicitly. Similarly in gravity, we see that the The analogy between our work and the theory of magnetic monopoles. For brevity, we refer to dual supertranslation charged objects simply as gravitational monopoles, which are analogous to magnetic monopoles in electrodynamics. In the same way that the magnetic monopole charge partitions the space of gauge fields into distinct topological sectors, the gravitational monopole charge partitions the space of spacetime metrics into topologically distinct sectors. dual supertranslation charge is conserved identically due to continuity of the boundary graviton, while supertranslation conservation is a direct result of stress-energy conservation (which is analogous to charge conservation in QED). In QED, despite the absence of magnetic charges, a non-trivial solution that carries magnetic charge still exists and is known as the Dirac string [15] . This magnetic configuration is possible due to its non-trivial topology in gauge space.
The magnetic charge then classifies the gauge field into distinct topological sectors. In gravity, the identical conservation of the dual supertranslation charge therefore suggests that it may describe a configuration with a non-trivial spacetime topology. Indeed, we will show in section 4 that the global dual supertranslation charge M global is a topological invariant of spacetime by proving that it is independent of the metric. This property distinguishes dual supertranslations from other asymptotic charges that appear in the literature, like BMS supertranslations and superrotations. The analogy between the topological structure in gravity and in electrodynamics, due to the presence of monopoles, is described in figure 1 .
The simplest case of a configuration with a non-zero dual supertranslation charge is when The charge defined by Im Ψ 0 2 is then known as the NUT charge, and is called the NUT parameter. The Taub-NUT metric is an example of a solution that obeys equation (1.28) . On the other hand, the Taub-NUT metric is known to exhibit an infinite string singularity similar to the Dirac string. The presence of a cosmic string singularity implies that the celestial space is an infinite-fold covering of the two sphere with a branch cut at the location of the sphere.
This example shows the connection between dual supertranslations and the topology of the celestial space. We will study this example in detail.
The paper is organized as follows. In section 2 we review BMS supertranslations and show that the new dyonic boundary condition we introduced in (1.8) is consistent with their action on the phase space. In section 3 we study new aspects of BMS superrotations that follow from the new boundary conditions we introduced. We discuss a puzzle that was not addressed in the literature so far -a mismatch between the action of the superrotation charge on the phase space and the corresponding action of the Lie derivative. This puzzle resembles the one that was encountered in [8] for supertranslations, and we solve it in a similar manner. The new boundary conditions are essential to this discussion; though they are more general than (1.6,1.7), they are strong enough to resolve the puzzle. In section 4 we study the new topological symmetry that is associated with the dual supertranslation charges (1.17) and which we name dual supertranslations. We show that the charge M is composed of soft gravitons only, compute its action on the phase space and show that it cannot be reproduced by diffeomorphisms. Moreover, we prove that the global dual supertranslation charge M global ≡ M(f ) f =1 is independent of any metric deformation and is therefore a topological invariant of spacetime. We study the Taub-NUT metric as an example of a solution that carries a dual supertranslation charge and an imaginary boundary graviton, and use it to demonstrate the resulting topological structure. In order to understand how the new degrees of freedom, that were introduced by the new boundary conditions, arise in a physical process, in section 5 we study the classical effect of a stress tensor on the phase space and the corresponding symmetry operation. The effect associated with supertranslations goes under the name of the memory effect. We derive new formulas for the effect that is associated with superrotations and dual supertranslations. We show that there is no memory in these cases and that the effect cannot be reproduced by regular diffeomorphisms like in the case of supertranslations. In section 6 we study a vacuum solution of the Einstein equations that interpolates between regions of spacetime with different dual supertranslation charge. The solution describes the scattering of two impulsive gravitational plane waves. The dual supertranslation charge vanishes before the instant of collision and acquires a non-zero value after the two plane waves collide. This solution can be interpreted as the formation of a cosmic string with NUT charge and provides a physical interpretation for dual supertranslations. We end with a few comments and topics for future study of the new topological symmetry.
Review of BMS Supertranslations
We start by reviewing the action of supertranslations on the phase space and on spacetime, the puzzle that was encountered in [8] concerning the Dirac brackets and the proposed solution using the boundary condition (1.6). We show that BMS supertranslations are independent of the new degree of freedom introduced by the dyonic boundary condition (1.8), which therefore does not alter the analysis of [8] .
The generator of BMS supertranslations on I + , which is given by (1.16), can be decomposed into two parts
using the uu component of the Einstein equations G uu = 8πT
M uu
The hard part of the generator is given by
while the soft part is
The action of supertranslations on the metric is described by the vector field
In particular, it implies that the radiative data transforms as
In [8] it was noticed that using the canonical Dirac bracket
the action of the supertranslation charge
is inconsistent with the variation of the metric under supertranslations. The inhomogeneous term in (2.8) is off by a factor of 2. Reference [8] proposed to resolve this inconsistency by
imposing the boundary condition (1.6). The boundary condition (1.6) relates the two polarization modes of the zero-momentum gravitons and as a result both terms in (2.4) contribute to the bracket {T (f ), C zz }, in such a manner that the contribution to the inhomogeneous part is doubled. In the rest of this section we will review this construction and show that the more general boundary condition we introduced in (1.8) is also consistent with the action of BMS supertranslations on the phase space.
In addition to the boundary field C(z,z), ref. [8] introduced the boundary field N (z,z),
The standard boundary condition (1.6) implies that both C and N are real functions while the new dyonic boundary condition (1.8) implies that they are complex. However, the soft part of the supertranslations generator is a function of the real part of N only
BMS supertranslations are therefore completely independent of the magnetic part of the metric and the analysis of [8] follows through also when the more general dyonic boundary condition
By continuity, and using (2.7), ref. [8] found the algebra of the boundary fields
where Θ(x) = sign(x) while the function
The resulting action of the BMS generator on the set of fields that span the phase space is then given by
(2.14)
In particular, {T (f ), C zz } = L f C zz and the puzzle is resolved. This review summarizes the discussion about the electric sector of the phase space which is described by the BMS supertranslations generator and the real part of the boundary fields. In the following sections we will study the magnetic counterpart and the interplay between the two sectors.
New Properties of BMS Superrotations
We now turn to study BMS superrotations in light of the new dyonic boundary conditions that we introduced in (1.8). We will see that these boundary conditions are essential in solving a puzzle similar to the one encountered for supertranslations in (2.8).
The generator of BMS superrotations on I + [12, 13] 
can be decomposed into soft and hard parts
using the uz component of the Einstein equations G uz = 8πT
The hard part is given by
The action of superrotations on the metric is described by the vector field
At leading order, the metric component gzz transforms under (3.6) as
In order to preserve the falloff conditions, the vector field Y z on the two sphere is therefore required to obey
Locally, this is solved by
for any integer n. However, only the choices n = 0, 1, 2 lead to a globally defined vector fields, which are holomorphic functions on the sphere. These are the six global conformal Killing vector fields on S 2 . For a general integer n the vector fields are meromorphic functions on the sphere and the symmetry algebra is promoted to the infinite-dimensional algebra of local conformal transformations. In this case the falloff conditions on the metric are violated at isolated points. For example, if
condition is violated at z = w. The rest of the metric components transform in a way that preserves the falloff conditions.
At the next order, the same metric component transforms as
where
On the other hand, using the Dirac bracket (2.7) we can compute the action of the superrotation
We now encounter a mismatch similar to the puzzle with supertranslations
The mismatch, again, is in the inhomogeneous term. This problem does not seem to have been addressed in the literature.
Here we suggest a solution in the spirit of [8] . Let us define the boundary fieldÑ (z,z)
Here,Ñ is a complex function. In fact, the imaginary part ofÑ contributes to the soft superrotation charge, as can be seen by rewriting (3.5) as
We have identified the contributions to Q S (Y ) due to the real and imaginary parts ofÑ as
, respectively. The action ofÑ on C zz can be deduced from
The above equation is solved by
from which we can also deduce
Let us emphasize again that bothÑ and C are in general complex functions. Each one of them, therefore, contain two real scalar degrees of freedom and we have to determine the action of each one of them on the phase space separately.
A priori we don't know how the Dirac bracket (3.17) is decomposed in terms of the real and imaginary parts ofÑ . The idea is to determine this decomposition by the requirement that
To demonstrate this logic we use the following ansatz
such that the sum of the two equations in (3.20) reproduces the Dirac bracket (3.17). We can now compute the action of
The requirement that equation (3.19) is obeyed now determines the coefficients a 1 and a 2 to be
In other words, we have to impose that ImÑ commutes with C zz {ImÑ (z,z) , Cww(u, w,w)} = 0, (3.24) and that the action of ReÑ on the radiative data is given by 
Namely, Q Im S (Y ) leaves the entire phase space spanned by {C zz , N zz , C, N } invariant! This is a result of the requirement that equation (3.19) be satisfied. In particular, it implies that Q Im S (Y ) commutes with both soft and hard supertranslations
Let us also note that {ReÑ (z,z) , ImÑ (w,w)} = 0, (3.28)
Finally, let us mention that Q Im S does not commute with the hard superrotations charge Q H .
Properties of Dual BMS Supertranslations
We would like to explore now the consequences of the magnetic boundary condition (1.12), which implies that C(z,z) and N (z,z) are imaginary functions on the complex plane. The soft supertranslation charge vanishes in this case, but the dual supertranslation charge doesn't.
We start by showing that M(f ) is a soft charge. Using the expression for C zz in terms of the gravitons' Fourier modes [14] 
the dual supertranslation charge (1.17) can be brought to the form 2) which shows that M(f ) receives contributions only from soft graviton modes. As opposed to the soft supertranslation charge, M(f ) is conserved by itself and does not have a hard counterpart.
We now follow the same route that was taken in section 2 for supertranslations and apply it to the new charge in order to compute its action on the phase space. First, we rewrite (1.17) in terms of the boundary field
3)
The algebra that follows from (2.7) is given by
Together with (4.3), it implies that the action of M(f ) on the phase space is This algebra looks very much like the "imaginary" counterpart of soft supertranslations. The question that follows immediately is whether there exists a spacetime diffeomorphism that corresponds to the action of M(f ) on the phase space (4.5). As we will now show, the answer to this question is no.
A spacetime diffeomorphism is described by a vector field ξ µ (u, r, z,z). We can expand ξ µ around I + as follows
We will focus our attention on the transformation of the following metric components under 2 Here we are dropping a term proportional to D for simplicity. This term could be important for certain applications, but is not needed for our purposes.
the above diffeomorphism
z .
(4.7)
To reproduce the action of M(f ) on the phase space we would like to set the component ξ u(0) , which generates hard transformations, to zero. On the other hand, the falloff conditions on the metric, which ensure asymptotic flatness, require that g rz = 0. The falloff conditions, together with the requirement that ξ u(0) vanishes, then sets ξ z(1) and ξz (1) to zero, therefore rendering the action of the transformation on the phase space trivial. In other words, there is no way to generate a non-trivial homogeneous transformation on the phase space while setting the non-homogeneous terms to zero and obeying the falloff conditions at the same time, using diffeomorphisms. Spacetime diffeomorphisms therefore cannot reproduce the action of M(f ) on the phase space.
Let us make a couple of remarks on possible generalizations of our analysis. First, one could relax the falloff conditions on the metric to allow for isolated singularities on the sphere, in a similar way to superrotation transformations. However, it is easy to see that even if we allow for isolated singularities to appear in the g rz component of the metric, it is impossible to generate a non-trivial homogeneous term in C zz . The second remark is that one could possibly include linear terms in the expansion (4.6), like the ones that appear in superrotation transformations.
However, that will not change our analysis, which depend only on the components ξ u(0) , ξ z (1) and ξz (1) .
A simpler way to understand our result is to notice that we would need a diffeomorphism that acts nontrivially on the asymptotic metric while leaving invariant all matter fields (since there is no hard component in M(f )). This is clearly impossible.
We have shown that the dual supertranslation charge M(f ), for any function f (z,z) on the sphere cannot be a spacetime diffeomorphisms. This is consistent with the fact that our boundary conditions set to zero supertranslations, which are the only diffeomorphism acting nontrivially on the asymptotic fields. In the next subsection we will show that even when a nonzero T (f ) is allowed by the dyonic boundary conditions, it still commutes with M(f ) so that M(f ) is still invariant under all diffeomorphisms. The global dual supertranslation charge,
given by
obeys a stronger condition -it is invariant under any deformation of the metric that is globally well defined on the two sphere. Under a general deformation of the metric
where a zz is a 2-form, the charge M global does not change because the integrand in (4.8) is a total derivative. In other words, M global itself vanishes unless there are some defects on the sphere that prevents the metric from being a globally-defined 2-form, in which case it is given
where C is a contour around the defect. We conclude that M global is invariant under any smooth deformation of the metric and therefore classifies the geometry of the asymptotic space into distinct topological sectors.
Dyonic Boundary Conditions
We now consider the general boundary condition (1.8), which implies that both C and N are complex function, and compute the commutation relations between the real and imaginary sectors. The fundamental bracket
Further acting with the operator du ∂ u on (4.12) we find
Namely, the real and imaginary parts of N commute {Re N (z,z), Im N (w,w)} = 0, (4.14)
which in turn implies that dual supertranslations commute with supertranslations 
Example
An example of a solution that admits a non-zero dual supertranslation charge is the Taub-NUT metric, which is given by
Here m is the mass of the black hole and is called the NUT parameter. The Taub-NUT metric (4.16) has two horizons located at
The domain r − < r < r + describes the Taub region while the domains r > r + and r < r − describe the NUT region.
The complex Weyl scalar Ψ 2 of the Taub-NUT solution is given by
and its leading component in the asymptotic expansion is
As we mentioned in the introduction, the imaginary part of Ψ 0 2 is given by the NUT parameter and therefore the dual supertranslation charge is non-zero
The global dual supertranslation charge is therefore
The Taub-NUT metric (4.16) is locally isomorphic to flat space everywhere except at θ = 0 and θ = π where there is a conical singularity. This line singularity is the gravitational analogue of the Dirac string for magnetic monopoles. In order to study the asymptotic structure of the Taub-NUT spacetime we will bring it to the Bondi form (1.1). To do this we first write it in the retarded system of coordinates and we use complex variables on the two sphere
In order to bring the metric into the Bondi form, we have to remove the g rr component using 26) and then employ the following change of variables on the two sphere
(4.27)
Note that (4.27) is not defined at either z = 0 or z = ∞ (corresponding to θ = 0 and θ = π respectively). The result is that the Taub-NUT metric can be brought to the Bondi form (1.1) with
everywhere except at the location of the string. This implies that the boundary graviton is given by
We conclude that the Taub-NUT solution serves as an example in which the boundary graviton is purely imaginary, namely -it follows from the new magnetic boundary condition that we introduced in (1.12). As it was discussed above, the imaginary part of the boundary graviton can develop a non-zero value only when the topology of the asymptotic spacetime is non-trivial.
Indeed, the presence of an isolated string singularity in the Taub-NUT solution implies that the celestial space is a covering of the sphere branched at the location of the string.
The infinite string singularity can be partly eliminated by a change of variables. This procedure results in the appearance of closed timelike curves and is regarded as pathological in the literature. In this paper we do not attempt to address the question of how to eliminate the string in order to achieve a singularity-free monopole solution. Instead, we will treat the infinite string as a physical object. However, for the sake of completeness we will briefly review the partial de-singularization procedure and the resulting asymptotic structure. It is possible to remove the singularity of (4.16) at θ = 0 by the change of coordinates t = t − 2 ϕ, which brings the metric to the form 
the metric is brought to the Bondi form everywhere except at the location of the semi-infinite string (z = ∞ or equivalently θ = π) with
This implies that the boundary graviton is given by
The Memory Effect
The new boundary conditions (1.8) have introduced two new boundary fields -the imaginary parts of C(z,z) and N (z,z) -to the phase space. As it was shown in the previous section, the imaginary part of N is related to the dual supertranslation charge, which, in turn, acts non-trivially on the imaginary part of C. But how exactly Im C arises in a physical process?
To answer this question, in this section we will consider the classical effect of a stress tensor on the asymptotic phase space of the theory.
Before discussing the new degrees of freedom, we will first briefly review the classical effect of a stress tensor on the real part of the boundary graviton. Consider, for example, a burst of radiation described by a stress tensor T uu that is non-zero only in some finite interval u i < u < u f . The radiation flux will induce a non-zero change in Re C which can be computed using the uu component of the Einstein equations (2.2)
where G(z, w) is the Green's function
defined in terms of the function S(z, w) defined in (2.12). This process goes under the name of the memory effect and it shows how a radiation burst can interpolate between two distinct vacua that are related by a BMS supertranslation [16] . We would like to emphasize that only the real part of C appears in the equation of motion (2.2) and therefore the memory effect described by the formula (5.1) applies only to it and not to the imaginary part of C. Another example for the classical effect of a stress tensor on the asymptotic phase space was studied in [17] , where it was shown how to implant supertranslation hair on a Schwarzchild black hole using a shock wave. The formula (5.1) applies in this case too, as well as in any classical process, since it is simply an inversion of the equation of motion.
In a similar way, BMS superrotations transform Re C by a term linear in u. In other words, they map two distinct states that are characterized by different values of ∂ u Re C. A natural question to ask is whether there exists a memory effect associated with superrotations.
This question does not seem to have been fully addressed in the literature 4 . The answer to this question can be inferred, again, from equation (2.2), which dictates the relation between ∂ u Re C and the stress tensor
Note that the only way ∂ u Re C can acquire a non-zero value is by having a non-vanishing stress tensor at u = ±∞. This situation is very different from the memory effect for ∆Re C, where due to the u-integral the effect is integrated and a burst of radiation at some finite interval will induce a finite memory. For superrotations we see that the equivalent process will yield an instantaneous effect rather than an integrated memory effect. Note also that this effect is due to the real part of superrotation only (as defined in section 3). The imaginary part of superrotations leaves the phase space invariant and does not induce any change in the physical parameters.
Following the same logic we will now consider the effect of a stress tensor on Im C. To do this we use the uz component of the Einstein equation (3.3) . Inverting this equation we derive the following formula Im C(z,z) I
where we have used (1.10) and ∂ z ∂w log |z − w| 2 = −2πδ Following the same route, one could think of a similar effect for ∂ u Im C ∼ ∂ u T uz . This kind of effect will require a linearly diverging stress tensor and does not correspond to any of the symmetry transformations we discussed in this paper.
Finally, let us emphasize that these results are consistent with the spacetime transformations that are associated with the different symmetries. The effect of supertranslations can be reproduced by a regular spacetime diffeomorphism, or equivalently by a stress tensor. On the other hand, there is no regular diffeomorphism that can reproduce the action of superrotations nor dual supertranslations, therefore rendering a corresponding memory effect impossible. After all, the stress tensor measures the response of the metric to small changes. We summarize the classical effect of the stress tensor on the phase space, its relation to diffeomorphisms and to the three symmetry transformations in table 2.
Symmetry
Phase Space Memory Diffeomorphism Table 2 : The classical effect of a stress tensor on the phase space and its relation to the three symmetry operations.
Scattering of Two Impulsive Gravitational Plane Waves
In the previous section we described how the stress tensor can implant a non-zero imaginary component of the boundary graviton. However, this component can also arise and play an important role also in vacuum solutions. In this section we will describe such a solution of the The solution was found by Ferrari and Ibañez [19] (see also [20, 21] ), and is based on a method due to Penrose and Khan [22] for constructing solutions that describe scattering of two impulsive gravitational plane waves. The solution is given by the following metric
Here u and v are two null coordinates 5 , A is a constant representing the amplitude of the waves and we defined The parameter q is related to p by p 2 + q 2 = 1. The Penrose diagram of the metric (6.1) is depicted in figure 2 .
The metric (6.1) interpolates between three different regions of spacetime. The first and simplest is the region u, v < 0, where the metric (6.1) reduces to that of flat spacetime
This is the region of spacetime before the collision of the two plane waves at u = 0, v = 0. The second region is u ≥ 0, v < 0, where the metric takes the following form
This metric describes a plane wave propagating freely in the u-direction. At u = 1 there is a coordinate singularity, whose nature we will discuss soon. In the region v ≥ 0, u < 0 the metric is given by the same expression (6.5) with u replaced by v and q by −q; it describes a plane wave propagating freely in the v-direction.
Finally, the most interesting region is the interaction region u, v ≥ 0. It describes spacetime after the collision of the two plane waves. In this region the solution is locally isomorphic to the Taub region of the Taub-NUT metric. This can be seen using a change of variables between the coordinates (u, v, x, y) presented in this section and the system of coordinates (t, r, θ, ϕ) that 
and the x, y coordinates are related to t and ϕ by
and the parameters of the solution (6.1) are related to the Taub-NUT parameters by
Under this change of coordinates and mapping of the parameters the solution (6.1) in the interaction region takes the standard Taub-NUT form (4.16). In the solution of Ferrari and Ibañez, the interaction region is described by the domain 0 < η < 1 and −η < µ < η, which corresponds to the region u > 0, v > 0 and u 2 + v 2 ≤ 1. η measures the time from the collision, where η = 0 (corresponding to u = v = 0) is the instant of collision and at η = 1 (corresponding to u 2 + v 2 = 1) there is an event horizon. It is therefore easy to see that in the interaction region f (r) < 0 and the solution describes the Taub region of the Taub-NUT metric, where t is a spacelike coordinate and r is a timelike coordinate.
The complex Weyl curvature scalars of the solution (6.1) are given by
where η and µ are given in terms of u and v in (6.6). Ψ 0 and Ψ 4 represent the ingoing and outgoing transverse gravitational wave parts of the field. Ψ 2 represents the Coulomb part of the field and it is different from zero only in the interaction region. In terms of the standard Taub-NUT coordinates it takes the form (4.20) . For more details about the Weyl curvature scalars and the Newman-Penrose formalism see references [23] - [31] . For brevity, we avoid writing down explicitly the coefficients of the delta function terms (they can be inferred from [19, 20, 21] ).
The Interaction Region
The interaction region of the solution was fully extended in [19] where it was shown to be isomorphic to the Taub-NUT metric. In particular, it was shown that the solution is smooth and that there are no curvature singularities besides the delta functions arising from the shockwaves and the string singularity.
To understand the motion of the plane waves in the interaction region we first look at the Taub-NUT metric near the horizon and for a fixed value of φ
In the Taub region τ < 0 and using the following change of variables
the metric (6.10) describes the Milne region of flat spacetime
The plane waves are described by the wave equation
We will describe the propagation of the wave that is coming from region II and which corresponds to the upper sign in (6.13). In the Milne coordinates the wave equation reads
(6.14)
We further define in terms of which the wave equation becomes
We therefore conclude that the plane wave coming from region II propagates in the light cone of the spacetime point U = V = θ = 0. In a similar way one can show that the plane wave coming from region III propagate in the light cone of the spacetime point U = V = 0, θ = π.
The two waves propagate inside the light cones from the past Taub region into the future Taub region, as described in figure 3 , without ever passing through the NUT region. The NUT region is static and can be written in terms of a cylindrical system of coordinates, also known as Weyl coordinates. The advantage of this system is that it makes the physical picture of the string clear. In these coordinates the NUT region takes the form
where 18) and
The relation to the spherical system of coordinates is given by 20) which also implies e 2U = f (r),
Clearly this system of coordinates describes only the NUT region since the argument in the square root in (6.20) has to be positive, and accordingly ρ is a cylindrical radial coordinate that is defined in the domain ρ > 0. In this region both e 2U and e 2γ are positive and therefore t is a timelike coordinate and ρ, x 3 , φ are spacelike. The conical singularity at θ = 0 can be avoided by the change of coordinate t → t − 2 φ. The conical singularity at θ = π can be avoided by the change of coordinate t → t + 2 φ. We cannot avoid both conical singularities unless we allow for closed timelike curves. In this system of coordinates the two string segments lie on the x 3 -axis in the regions |x 3 | ≥ σ and they are connected by the horizon which is located on the same axis at |x 3 | < σ
We can extend the metric (6.17) across the horizon into the Taub region using the following
under which the Taub-NUT metric (4.16) takes the form with the same functions U, γ, B as in (6.29) and
The identities in equation (6.21) remain the same in the Taub region. Here both functions e
2U
and e 2γ are negative and therefore ρ is a timelike coordinate and x 3 , t, φ are spacelike. In this system of coordinates both the horizon and the string are at ρ = 0 and −σ < x 3 < +σ. Note, however, that the horizon is a two dimensional surface in the full space and the string is one dimensional. This system of coordinates is not particularly useful to describe the Taub region and for future purposes we use it only to demonstrate the continuation across the horizon that separates the NUT and the Taub regions in Weyl coordinates. Formally the continuation is given by
The Plane Wave Regions
The plane wave regions II and III contain event horizons at u = 1 and v = 1, respectively. The curvature remains finite on these horizons but geodesics never cross them and therefore they are not merely coordinates singularities. They are known in the literature as "fold" singularities [32] (see also section 8.3 of [33] ).
To understand the fold singularities we will use Weyl coordinates to describe the metric in the plane wave regions. Using the following system of coordinates 27) the metric in region II (6.5) is brought to a form similar to (6.24)
with
.
In the entire region II both warp functions e 2U and e 2γ are negative. Therefore ρ is a timelike coordinate and x 3 , t, φ are spacelike coordinates. The metric (6.28) takes a form similar to the Taub metric in Weyl coordinates (6.24) . In the whole region x 3 < 0, ρ < 0 and therefore the solution describes the lower half plane (or the southern hemisphere) and time is defined to be negative. There is a coordinate singularity at x 3 − ρ + σ = 0 (corresponding to u = 1) but the curvature remains finite there. However, the area of this horizon is zero and therefore it is a point in space. At this point B = 2 and there is a conical singularity similar to the one that appears in the Taub-NUT metric. This singularity can be interpreted as the endpoint of a semi-infinite string moving at the speed of light along its axis in the positive x 3 direction.
At the point x 3 = −σ, ρ = 0 (corresponding to u = 1, v = 0) the string's endpoint reaches the Taub-NUT horizon of the interaction region. Due to the presence of a fold singularity the metric cannot be extended beyond the horizon in the plane wave region.
In Region III the metric takes a similar form with the replacements u ←→ v, q → −q and x 3 → −x 3 , and it therefore describes the upper half plane (or the northern hemisphere) with a semi-infinite string whose endpoint moves at the speed of light in the negative x 3 direction until it reaches the Taub-NUT horizon. The two semi-infinite strings reach the Taub-NUT horizon at the same time, after which spacetime is described by the static NUT metric (see figure 5 ). The null lines at u = 1 and v = 1 correspond to x 3 − ρ + σ = 0 and −x 3 − ρ + σ = 0, respectively. On these lines there is a conical singularity and therefore the metric cannot be extended beyond them. The gray area is the interaction region IV (before the extension across the horizon), which is isomorphic to the part m < r < r + of the Taub space, and it can be extended beyond the horizon (depicted by the dashed line). Across the horizon the metric describes the NUT space, which includes two string segments (depicted by the zigzag lines) stretching from the horizon along the x 3 -axis. In the NUT region (ρ > 0) the coordinate ρ is spacelike, while in the region ρ < 0 it is timelike. The two null lines x 3 − ρ + σ = 0 and −x 3 − ρ + σ = 0 are naturally interpreted as the endpoints of the two string segments moving along their axis towards each other at the speed of light until they reach the horizon, after which spacetime is described by the static NUT metric. The plane waves solution in the r-t plane. The lines drawn describe constant r surfaces. The gray area describes the interaction region IV. The observer will propagate through the plane wave region II or III depending on its location on the x 3 -axis (x 3 < 0 or x 3 > 0 respectively). Geodesics with |x 3 | > σ do not pass through the gray region, which shrinks to zero in this case; correspondingly, the plane wave region extends all the way to the horizon at r = r + . In the special case x 3 = 0 the observer is equally separated from the two strings and therefore never propagates through the plane wave region, which shrinks to zero. The hypersurface that separates the interaction region from the flat space region in this case is r = m (or equivalently ρ = −σ). Notice that some geodesic in the plane wave region may end on the fold singularity, which does not appear in this 2D diagram.
Finally, in figure 6 we draw a Penrose diagram of the solution in the r-t plane. The solution interpolates between regions of spacetime with different dual supertranslation charge. In the interaction region spacetime is locally isomorphic to the Taub-NUT metric and therefore it carries a dual supertranslation charge (4.22) . Before the instant of collision, on the other hand, spacetime is described by freely propagating plane waves that are neutral under dual supertranslations. The imaginary part of the boundary graviton Im C also changes as a result of the collision. In the interaction region it acquires a non-zero value, given by (4.33), while it vanishes elsewhere.
The Taub-NUT solution is interpreted as a gravitomagnetic cosmic string 6 (see [34] , for example), which is the gravitational analogue of the Dirac string for magnetic monopoles. The solution described in this section is therefore naturally interpreted as the process of formation of a gravitomagnetic cosmic string (the reverse process of a snapping string that breaks into two parts). A similar process that involves a snapping cosmic string was studied in [35] as a solution that interpolates between vacua with different superrotation charges. Let us stress that these two cosmic string solutions carry different charges (NUT/dual supertranslation versus Kerr angular momentum/superrotations). In a similar way, the process of creation (or annihilation) of a gravitomagnetic cosmic string interpolates between vacua with different dual supertranslation charge. This provides a physical interpretation of dual supertranslations.
Conclusions and Future Directions
We have discussed several properties of the symmetry generated by the dual supertranslations charges of [1, 2] ; we have shown in particular that the global dual supertranslation charge is invariant under arbitrary globally defined, smooth deformation of the metric. The global dual supertranslation charge is therefore a topological invariant and it classifies the topology of the two dimensional celestial space, which is a generalization of the celestial sphere. The trivial case is when spacetime has the topology of a sphere, in which case it is globally asymptotically flat and correspondingly the global dual supertranslation charge vanishes. When spacetime has a non-trivial topology, it is only locally asymptotically flat. An example of a spacetime with a non-trivial topology is the Taub-NUT metric where, due to a cosmic string defect the topology of the celestial space is that of a branched covering of the sphere and correspondingly the dual supertranslation charge is non-zero. In the same way, multi-NUT-string solutions will have the topology of a branched covering of the sphere with multiple branch points located at the position of the strings.
One may be tempted to draw a comparison with superrotations. Indeed, in both cases the violation of global asymptotic flatness is due to singularities at isolated points on the celestial sphere. However, we would like to emphasize some key differences between the two symmetry operations. The group of superrotation transformations is non-Abelian, which in turn implies that its generators do not commute with the Hamiltonian. Moreover, superrotations produce a non-vanishing Bondi news at spatial infinity, indicating the emission of an infinite amount of gravitational radiation and therefore an infinite amount of energy. Dual supertranslations, on the other hand, form an Abelian group, they commute with the Hamiltonian and therefore do not change the energy of the state and do not act on the Bondi news. These key differences therefore suggest that the violation of global asymptotic flatness may be milder in the case of dual supertranslations.
The structure that we found in this work is analogous to the theory of magnetic monopoles in electrodynamics. In the same way that magnetic charges classify the space of asymptotic gauge fields into distinct topological sectors, dual supertranslation charges classify the space of asymptotic metrics according to their topology. It is therefore natural to ask whether there exists a quantization condition for gravity similar to the Dirac quantization condition in electrodynamics. We hope to report on this issue soon.
Let us also remark that in this work we assumed that the Bondi mass is real. An imaginary Bondi mass will prevent the dual supertranslation charge from being conserved identically and is the gravitational analog of a magnetic source. It is an imaginary metric component that generates imaginary spacetime transformations. In contrast to QED, where a magnetic source generates imaginary gauge transformations that are perfectly understood, it seems harder to make sense of the gravitational analog. Nonetheless, it could still have interesting physical application, as in the description of thermal states. We leave these questions for future research.
